The ow elds in two-dimensional channels with discontinuous expansions are studied numerically to understand how the channel expansion ratio in uences the symmetric and non-symmetric solutions that are known to occur. For improved con dence and understanding, two distinct numerical techniques are used. The general ow eld characteristics in both symmetric and asymmetric regimes are ascertained by a time-marching nite volume procedure. The ow elds and the bifurcation structure of the steady solutions of the Navier-Stokes equations are determined independently using the nite-element technique. The two procedures are then compared both as to their predicted critical Reynolds numbers and the resulting ow eld characteristics. Following this, both numerical procedures are compared with experiments. The results show that the critical Reynolds number decreases with increasing channel expansion ratio. At a xed supercritical Reynolds number, the location at which the jet rst impinges on the channel wall grows linearly with the expansion ratio.
Introduction
It is well known that laminar ows in twodimensional channels with discontinuous, but symmetric, expansions can produce either symmetric or non-symmetric solutions, depending on the value of the Reynolds number as compared to some critical value. Both the intriguing physics of these ows and The channel expansion ratios considered in these previous studies have been limited to a narrow range of values. In particular, Fearn et al 4 compared numerical computations of the symmetry-breaking bifurcation point with laboratory experiments for a channel with a 1:3 expansion ratio, while Shapira et al 5 conducted their linear stability analyses for a 1:2 expansion ratio channel. In addition, Durst, Pereira & Tropea 6 h a ve reported a combined numerical-experimental study of a 1:2 expansion ratio channel. All studies conclude that symmetric ows become unstable as the Reynolds number is increased above a critical value and that steady asymmetric ows develop above this critical condition. We i n vestigate this behavior numerically for a range of expansion ratios, emphasizing the common features of this exchange of stability.
To provide broad understanding of the channel expansion ow eld as well as con dence in the accuracy of the predictions, we use two distinct numerical analyses. First, a time-marching nite volume procedure that includes both time-accurate and steadystate versions is used to investigate the ow eld characteristics above and below the critical but they can presumably predict the ow eld accurately on either side of the critical condition. For any given computation, the nature of the ow subcritical or super-critical cannot be deduced beforehand, but an indication of the bifurcation point can be inferred by starting from one symmetric solution and one non-symmetric solution and decreasing the distance between them by computing ows at intermediate Reynolds numbers. Not surprisingly, results show that the convergence time gets larger and larger as the critical Reynolds number is approached, thereby leaving some uncertainty in the ultimate value of the critical point. Further, the ability o f the time-marching procedure to predict the bifurcation phenomena accurately requires validation. Experimental observations clearly represent one avenue for this purpose, but, as experiments can include unavoidable and undetected asymmetries that can bias the results 4 , a bifurcation analysis is used herein as a second independent n umerical investigation of the problem.
The bifurcation analysis uses the nite-element method and an extended system technique to locate the bifurcation points. The advantage of this analysis is that it determines the symmetry-breaking point directly. The nite-element technique also provides complete ow elds for both symmetric and asymmetric solutions which can then be compared with the time-marching ow eld solutions. Final validation of both methods includes comparisons with experimental measurements.
Of the numerous engineering applications of these types of bifurcating solutions, our particular interest stems from an unsteady, three-dimensional application in which the channel geometry is axisymmetric, rather than planar, in nature. Researchers at the University of Adelaide have experimentally observed a naturally occurring uid mechanical phenomenon known as a precessing jet. While performing experiments to nd ways to improve ame stability o f a natural gas burner, Luxton & Nathan 7 discovAmerican Institute of Aeronautics and Astronautics ered that with certain expansion ratios of the nozzle inlet ori ce and for su ciently large ow rates, an asymmetric precessing jet developed. No moving parts are associated with the burner to produce the swirling ow 8 . Further experiments indicated enhanced combustion and mixing characteristics when a precessing jet burner was used in place of a conventional jet burner. Burners which encourage a precessing jet have been applied to the combustion process which takes place in an industrial cement kiln, and are currently being used in Australia, the UK and the USA.
The paper is laid out as follows. The two n umerical schemes employed are discussed in Section 2. Simulations were performed using an arti cial compressibility formulation with dual time stepping. The nite-element method and extended system techniques were used to compute the bifurcation structure. A detailed discussion of the numerical ndings is presented in Section 3. Results of previously published work are compared with the results reported here. In particular we compare not only published estimates of the critical Reynolds numbers, but compare our computed velocity pro les for two supercritical Reynolds numbers for a range of downstream locations, with LDV measurements. The e ects of expansion ratio on the asymmetry of the ow is presented in detail.
Numerical Formulations
The problem of interest concerns the ow eld downstream of a sudden enlargement in a planar duct of the type shown in Fig. 1 . The ow is taken to be laminar and fully developed prior to the sudden enlargement. We wish to nd the velocity and pressure elds ux; t and px; t respectively, which satisfy the incompressible Navier-Stokes equations Fig. 1 subject to the boundary conditions described below. We de ne the Reynolds number as Re = ud=. Here u is the mean velocity u = Q=d where Q is the volume ux per unit length perpendicular to the x; y-plane, d is the inlet height and is the kinematic viscosity. The expansion ratio, D=d, is de ned as the ratio of outlet height D to inlet height d. The domain length L was chosen such that Poiseuille ow w as recovered at the downstream end of the channel. This choice implies that an upper bound exists for the maximum Reynolds number that can be simulated accurately on a domain of any given length. A fully developed parabolic velocity pro le was speci ed at the upstream boundary with non-slip boundary conditions imposed along the channel walls. The ambient pressure was speci ed at the downstream boundary for the numerical simulations. Natural boundary conditions, p + @u=@x = 0 ; @ v = @ x= 0, pertain at the downstream boundary for the nite-element computations. In the following, the time-marching solutions are referred to as the simulations" while the symmetry-breaking solutions are referred to as the bifurcation calculations."
Simulations
The numerical simulations using the timemarching formulation are obtained by transforming Eqs. 1 and 2 from a Cartesian x; y to a generalized coordinate system ;. When written in conservative form, these become Eq. 3 becomes the arti cial compressibility method 9 which has been widely used. This change transforms the Euler portion of the system of equations into a set of fully hyperbolic equations, permitting the use of time-marching schemes for either the Euler or Navier-Stokes equations. A complete description of the formulation is given in 10 .
When the arti cial compressibility method is used, the equations become physically incorrect in the transient and are only accurate for steady state ows. Time accuracy can however be recovered by combining the arti cial compressibility method with a dual time stepping scheme. Speci cally, a pseudotime derivative , @Q=@ is added to Eq. 3, where is the pseudotime variable. The solution in real time is obtained by iterating in pseudotime until convergence is achieved as @Q=@ ! 0. The physical time derivatives are implicitly discretized using second order di erencing and the spatial derivatives are discretized using central di erencing. In the present calculations, a four stage Runge-Kutta explicit scheme is used to integrate the solution in pseudotime for either steady state or time accurate solutions. Further details of the numerics are described in 10, 1 1 .
The scheme has been validated against spatial stability theory 12 to ensure accuracy in both space and time. In addition, numerical tests were performed to determine the grid size needed to resolve the ow eld and generate grid-independent solutions in the present problem. Five meshes of 111 111, 256 111, 512 111, 1024 111, and 256221 grid points were used to determine the accuracy of the solution. Convergence tolerances were also examined by computing a solution to machine accuracy and determining if the solution changed signi cantly.
Bifurcation calculations
Following, for example, the development of Cli e & Spence 13, 14 , it can be shown that the weak form of the Navier-Stokes equations in the domain shown in Fig. 1 Provided the nite-element mesh is symmetric about y = 0, the nonlinear system of Eq. 6 is equivariant with respect to an n n orthogonal matrix S whereŜ 2 = I;Ŝ 6 = I, i.e. The laminar ow i n t wo-dimensional symmetric channels with expansion ratios of 2 or greater, has been observed to change from a stable symmetric jet to a stable asymmetric jet with increasing Reynolds number 1 6 . This change occurs at a symmetrybreaking bifurcation point 4 where the solution set changes from a single, stable symmetric ow t o t wo stable asymmetric ows corresponding to the jet bending towards either wall and an unstable symmetric ow. The critical Reynolds number is a function of the expansion ratio.
The critical Reynolds number, Re c , corresponding to the symmetry-breaking bifurcation can not be numerically simulated however, because simulations close to the bifurcation become computationally very intensive. Instead, symmetric and asymmetric ows on either side of the bifurcation were computed yielding an ever-decreasing range of Reynolds numbers in which the bifurcation must occur. A rectangular grid was used in the numerical simulations with clustering close to the walls. It was determined that simulations computed on a grid of at least 256 111 yielded grid-independent results, where overall accuracy was better than 0:5. Depending on the length of the channel, a mesh comprising of 256 111 grid points or 512 111 grid points was used. A typical grid aspect ratio y=x was on the order of 0.2. The criterion for convergence was that changes in the solution between each real time step be of the order 10 ,10 .
Numerical bifurcation techniques locate singularities of the discretized steady Navier-Stokes equations. The critical Reynolds number at the symmetry-breaking bifurcation point w as computed as a regular solution of the Werner-Spence extended system Eq. 8. Results were checked for sensitivity with respect to the discretization and domain length. The domain was always long enough to capture all the signi cant components of the null eigenvector and to ensure recovery of the Poiseuille parabolic velocity pro le at the downstream boundary. The symmetry breaking bifurcation points reported here were computed on a grid with greater than 60000 degrees of freedom on one-half of the domain shown in Fig. 1 . The critical Reynolds numbers are believed to have converged to within 1 in all cases. Figure 2a is a streamline plot of the stable symmetric solution for D=d = 3 and Re = 53. As the Reynolds number is increased further, the symmetry-breaking bifurcation occurs. Streamlines of one of the two possible asymmetric ows at Re =67 are shown in Fig. 2b . The full length of the channel has not been shown, however it can be seen from the horizontal streamlines that the ow i s e ssentially parallel to the channel walls 30 inlet heights downstream of the expansion. Further, the values of the streamlines have been chosen so that they are equally spaced for a fully developed parabolic ow.
Numerical simulations using the time accurate formulation have proven to be an e cient method for locating this symmetry-breaking bifurcation point, even though the resulting numerical solutions are all steady.
Calculations of the critical Reynolds number at the symmetry-breaking bifurcation were performed for expansion ratios D=d = 1 :5; 2; 3; 4; 5 and 7. The results are indicated in Fig. 3 by the symbol 3.
There is clearly an inverse relationship between expansion ratio and critical Reynolds number. The results of the simulations are also plotted in Fig. 3, where the I represents the range of Reynolds numbers in which the bifurcation occurs. A summary of the predictions using bifurcation theory and the simulations are presented in Table 1 . Also included are data from other published work, as cited in the be consistent with this paper, using an earlier version of the code ENTWIFE 18 also used here. The velocity and pressure components of the null eigenvector at the pitchfork bifurcation point computed using Eq. 8 are shown in Figs. 4 6 respectively. In these gures the cross-stream direction has been expanded by a factor of ve. The eigenvector is antisymmetric with respect to the symmetry operator Eq. 5 since at any d o wnstream location x, the streamwise velocity components at an equal distance from the centerline, but on opposite sides of the centerline at y and ,y h a ve the same magnitude but opposite sign, i.e. u x; y = , u x; ,y. Similarly at any d o wnstream location x, the cross-stream velocity components of the eigenvector at an equal distance from the centerline, but on opposite sides of the centerline are equal, i.e. v x; y = v x; ,y.
Finally the pressure components of the eigenvector have opposite sign on either side of the centerline, i.e. p x; y = , p x; ,y. As previously reported by Shapira et al 5 , a linear stability analysis about the symmetric solutions shows that at the symmetry-breaking bifurcation point, a real eigenvalue of Eq. 9 crosses into the unstable left-half of the complex plane and the corresponding null eigenvector is as shown in Figs. 4 6.
It has been widely reported that the asymmetric ows become unsteady at higher Reynolds numbers. Based upon a linear stability analysis about the asymmetric ows, we believe these ows remain stable with respect to two-dimensional disturbances beyond the Reynolds number at which unsteady ows are reported by F earn et al 4 . The time-dependent motions observed by these authors are therefore presumed to be three-dimensional in nature.
The velocity pro les measured by F earn et al 4 are compared with our computations for the expanAmerican Institute of Aeronautics and Astronautics sion ratio D=d = 3. Figure 7 is a streamline con- Figure 9 shows that the ow initially attaches to the lower wall. It can be seen from the streamline contours that at a higher Reynolds number a third recirculation zone has developed downstream. The jet separates from the lower wall, impinges the upper wall and then reattaches to the lower wall. Both Figs. 8 and 10 show that farther downstream at streamwise locations x=d = 20 and 40, respectively, the ow eld has a symmetric pro le indicating the ow has returned to a parabolic distribution. Overall, the simulations and nite-element calculations are in good agreement with the experimental data.
The transition from a stable symmetric ow t o a n asymmetric ow is illustrated by the bifurcation diagram shown in Fig. 11 . The cross-stream velocity along the centerline of the channel provides a convenient norm of the solution since it is zero for a symmetric ow, and nonzero with opposite signs for the two possible asymmetric ows. Due to experimental constraints, Fearn et al took measurements at 25.5 mm downstream of the expansion along the centerline of the channel and compared their numerical calculations at the same location. Their numerical data are represented as a solid line in Fig. 11 , where the ordinate is the cross-stream velocity nor- The maximum value of the cross-stream velocity along the centerline provides another norm of the solution, and is indicated by the triangles in Fig. 11 . This norm shows more clearly how the asymmetry increases with Re. The bifurcation diagrams produced by plotting the maximum value of the crossstream velocity along the centerline against Re are shown in Fig. 12 for a range of expansion ratios.
The presence of perturbations that do not preserve the midplane symmetry, which occur inAmerican Institute of Aeronautics and Astronautics evitably in any experimental apparatus, disconnect the pitchfork bifurcation as discussed, for example, by Golubitsky & Schae er 15 . The disconnection of pitchfork bifurcation when perfect midplane symmetry is not attained has been recognized by Fearn et al 4 who observed that signi cant asymmetries were present in the experimental ow a t Re = 44; a value well below the critical Reynolds number in a symmetric two-dimensional domain. They also show that the disconnected branch has a l o wer limit of stability, presumably at a turning point, the codimension-zero singularity in the absence of symmetry. They further showed that a perturbation of only 1 could be responsible for such a large disconnection. We note that the experimental values for a 1:2 channel expansion ratio reported by Cherdron et al 2 also signi cantly underestimate the computed stability limit of the symmetric ow i n a symmetric domain, and we believe that this arises from the same cause.
For an expansion ratio D=d = 5 w e compare our results to the experimental work of Ouwa e t al 3 . The critical Reynolds number was experimentally found to be 30. The simulations indicate Re c just under 30, and bifurcation calculations predicted Re c = 2 8 :4, which compares well with the experiments. Ouwa et al also investigated whether there were any h ysteretic e ects associated with the transition. By rst starting with a symmetric ow, the Reynolds number was increased above the critical Reynolds number. With an already asymmetric ow, the Reynolds number was decreased beAmerican Institute of Aeronautics and Astronautics low the critical value. They found that the transition occurred near Re = 30, regardless of whether the Reynolds number was decreased or increased. While hysteretic phenomena may arise from the twoparameter unfolding of a pitchfork bifurcation point 15 , it was not observed by F earn et al 4 and indeed occurs in a small region of the unfolding-parameter space, and its absence is not surprising.
The bifurcation can also be illustrated by considering how the ow reattaches to the channel walls for symmetric and non-symmetric ows. A schematic of the nozzle is shown in Fig. 13 indicating the primary" and secondary" attachment positions along the nozzle walls, where x n are primary attachments and x m 0 are secondary attachments. It was observed that increasing the Reynolds number increased the number of primary attachment points of an asymmetric jet. The primary attachment positions for D=d = 3 and 5 are shown in Fig. 14 for Re versus the streamwise location normalized by the inlet height. Initially, a t v ery low Reynolds numbers, the primary attachment positions x 1 ; x 2 are equal, indicating symmetric ow. At a critical Reynolds number there is a branching that indicates asymmetric ow where the nearer attachment position, x 2 , remains relatively constant while the attachment position on the opposite channel wall, x 1 , starts to increase linearly. The recirculation region de ned by x 1 continues to grow at the expense of the other recirculation zone x 2 . A second recirculation region develops with further increases in Re, represented by attachment positions x 3 ; x 4 . This qualitative c hange in the streamline pattern is not associated with a bifurcation point of the Navier-Stokes equations. Similar behavior has been observed by Chen, Pritchard represent the lengths of the recirculation zones. As the expansion ratio is increased a smaller recirculation region is visible in the corners immediately following the expansion, shown as positions x 0 0 and x 3 0 . Figure 16 shows the streamlines at Re = 60 for the di erent expansion ratios plotted on a domain of length x=d = 50. The linearity in the growth of the recirculation regions is more obvious. The growth of the secondary recirculation zones can also be seen for D=d = 9 and 12. Longer domains were used for D=d = 9 and 12 than are shown in the gure.
Conclusions
Numerical simulations and bifurcation calculations were conducted for ow i n a t wo-dimensional channel with a sudden symmetric expansion. A symmetry-breaking bifurcation was found at low Reynolds numbers, representing transition from a symmetric to an asymmetric developing jet. The critical Reynolds number at the bifurcation point American Institute of Aeronautics and Astronautics was determined for various expansion ratios. While under ideal conditions of exact midplane symme-try, the transition occurs abruptly at the critical Reynolds number at a symmetry-breaking pitchfork bifurcation point, it is disconnected in the presence of perturbations which do not preserve the midplane symmetry. I t w as shown that the critical Reynolds number decreased with increasing expansion ratio. The results of numerical simulations and computations of the bifurcation points were found to be in good agreement with each other and with experimental work.
Our results also show that for a xed expansion ratio, increasing the Reynolds number increased the number of attachment positions for an asymmetric jet. There was also evidence that for a xed Reynolds number, a linear relationship exists between the expansion ratio and the downstream location of the primary reattachment points.
